Noise spectrum of quantum transport through quantum dots: a combined
  effect of non-Markovian and cotunneling processes by Jin, Jinshuang et al.
ar
X
iv
:1
10
5.
01
36
v2
  [
co
nd
-m
at.
me
s-h
all
]  
8 J
un
 20
12
Noise spectrum of quantum transport through quantum dots:
a combined effect of non-Markovian and cotunneling processes
Jinshuang Jin,1, ∗ Wei-Min Zhang,2, † Xin-Qi Li,3 and YiJing Yan4
1 Department of Physics, Hangzhou Normal University, Hangzhou 310036, China
2Department of Physics and Center for Quantum Information Science,
National Cheng Kung University, Tainan 70101, Taiwan
3 Department of Physics, Beijing Normal University, Beijing 100875, China
4Department of Chemistry, Hong Kong University of Science and Technology, Kowloon, Hong Kong
(Dated: June 9, 2018)
Based on our recently developed quantum transport theory in term of an exact master equation,
the corresponding particle-number resolved (n-resolved) master equation and the related shot noise
spectrum formalism covering the full frequency range are constructed. We demonstrate that the
noise spectra of transport current through single quantum dot and double quantum dots show
characteristic steps and/or peak-dips in different tunneling frequency regimes through tuning the
applied bias voltage and/or gate voltage at low temperatures. The peak-dips crossing the tunneling
resonant frequencies is a combination effect of non-Markovian and cotunneling processes. These
voltage-dependent tunneling resonance characteristics can be utilized to effectively modulate the
internal Rabi resonance signature in the noise spectrum.
PACS numbers: 72.10.Bg; 05.40.-a
I. INTRODUCTION
Shot noise of non-equilibrium current fluctuations con-
tains rich information beyond the average current.1,2
It has stimulated great interest in recent years both
in theory and experiment.3–13 The evaluation of shot
noise depends on the development of non-equilibrium
quantum transport theory. Conventional approaches to
quantum transport include the Landauer-Bu¨ttiker scat-
tering matrix theory,1,14 the non-equilibrium Green’s
function formalism,15,16 and the real-time diagrammatic
technique.17,18 Many interesting problems such as super-
and sub-Poissonian noises and their origins have been
addressed.1,6,19,20 However, most of the investigations fo-
cused only on the zero- or low-frequency regions. The
evaluation of noise spectrum over the full frequency range
is largely lacking and remains challenging with these ap-
proaches. Another commonly used method in quantum
transport is the quantum master equation approach. In a
certain sense it is simpler and more straightforward than
the approaches mentioned above.7 It has the advantage
of generality for different scattering processes being han-
dled in a unified manner, even the transient dynamics
under the time-dependent bias voltage.21–23
Quantum transport theory based on master equation
has been developed rapidly and studied extensively in re-
cent years.3–8,13,24–26 However, most of work were based
on a certain perturbative master equation description,
which is valid mainly in Markovian dynamics dominated
regime with sequential tunneling processes involving only
one electron tunneling events at a time.3–8,13,24,25 Very
recently, on the basis of Feynman-Vernon influence func-
tional technique,27 one of us has obtained an exact mas-
ter equation for nanostructures,28 from which we have
also established an exact non-equilibrium quantum trans-
port theory for noninteracting electronic systems.23 This
new non-equilibrium quantum transport theory is appli-
cable for arbitrary voltage, arbitrary temperature and
arbitrary system-reservoir coupling strength. Quantum
transport based on this exact treatment can deal with
all the non-Markovian tunneling processes accompanied
with not only sequential tunneling but also cotunneling
involving two or more electron tunneling events at the
same time.29,30
In this paper, we will construct the corresponding mas-
ter equation for the reduced density matrix conditioned
on the electron number passed through the tunnel junc-
tion, i.e. the particle-number resolved (n-resolved) mas-
ter equation. Together with the MacDonald’s formula,
we give the description for non-Markovian noise spec-
trum over the full frequency range. All relevant formu-
lations will be summarized and developed in Sec. II to-
gether with the detailed numerical method presented in
Appendix. This formalism is certainly applicable to ar-
bitrary bias voltage, temperature and system-reservoir
coupling strength for all the non-Markovian processes.
In Sec. III, based on the present formulation, we study
the quantum transport setup for the shot noise of current
through two model systems. The first model is a single
one-level quantum dot system, operated in the conven-
tional sequential tunneling regime when only the average
current is concerned. From the noise spectrum, however,
we find that there emerge peak-dips in the noise spec-
trum as the temperature decreases. Another example is
a coupled double quantum dots system, with one level in
each dot. The resulting noise spectrum shows both the
coherent Rabi resonance of the dots system and the ex-
ternal field-dependent tunneling characteristic resonant
structure. We observe that the coherent Rabi resonance
is insensitive to the temperature, while the external field-
dependent tunneling resonant structure has the very in-
teresting temperature-dependent phenomena. In partic-
2ular, the external field-dependent tunneling resonance
characteristics is manifested with either a peak-dip or a
step at low temperature, depending on the corresponding
tunneling regime defined by the applied bias and/or gate
voltage. Consequently, by varying the applied voltage
one can tune the tunneling resonance on top of the Rabi
resonance, thus effectively modulate the coherent signa-
ture in noise spectrum. Finally, a summary is presented
in Sec. IV.
II. n-RESOLVED MASTER EQUATION AND
NOISE SPECTRUM
A. Exact master equation and transient transport
current
Let us start with a brief outline of the recently de-
veloped exact master equation and the non-equilibrium
quantum transport theory.23,28 The quantum transport
studied with a nano-device consists of such as quantum
dots interacting with the electron reservoirs (source and
drain). The total Hamiltonian of the system has three
parts: HT = HS + HB + H
′. The central system of
quantum dots part assumes HS =
∑
µ ǫµνa
†
µaν , where
a†µ (aµ) is the creation (annihilation) operator of electron
at the specified state of energy ǫµµ ≡ ǫµ, while the off-
diagonal ǫµν is the hopping integral. The Hamiltonian of
free-electron reservoirs reads HB =
∑
αk ǫαkc
†
αkcαk, with
c†αk being the creation operator for the electron in the
reservoir α = L,R. The system-reservoirs coupling for
electron tunneling is given by
H ′ =
∑
αkµ
Vαkµa
†
µcαk +H.c. (1)
where Vαkµ is the tunneling coefficient or the tunnel-
ing amplitude between the system and the reservoir α.
The electron-electron interaction has been ignored here.
Then the reduced density matrix of the central system
ρ(t) ≡ trB[ρT(t)], i.e., the trace of total density matrix
over reservoirs degrees of freedom, is governed by the ex-
act master equation23,28
ρ˙(t) = −i[H˜S(t), ρ(t)] −
∑
αµν
γ˜αµν(t)
[
a†µ, aνρ(t) + ρ(t)aν
]
−
∑
αµν
γαµν(t)
(1
2
a†µaνρ(t)+
1
2
ρ(t)a†µaν−aνρ(t)a
†
µ
)
.
(2)
where the first term represents the Liouville equation (the
unitary part) of the system with the renormalized Hamil-
tonian H˜S(t) =
∑
µν ǫ˜µνa
†
µaν and the renormalized en-
ergy levels ǫ˜(t) = ǫ(t)− i2
∑
α
[
κα(t)−κ†α(t)
]
. The other
two terms (the non-unitary part) in Eq. (2) describe the
dissipation and decoherence dynamics of the system with
the time-dependent dissipation and fluctuation coeffi-
cients γα(t) ≡
1
2 [κα(t)+κ
†
α(t)] and γ˜α(t) ≡ λα(t)+λ
†
α(t),
where κα(t) and λα(t) are given by,
κα(t) =
∫ t
t0
dτgα(t, τ)u(τ)[u(t)]
−1 , (3a)
λα(t) =
∫ t
t0
dτ
{
gα(t, τ)v(τ) − gα(t, τ)u¯(τ)
}
− κα(t)v(t).
(3b)
and u(τ) and v(τ) are indeed directly related to the
Keldysh’s non-equilibrium Green functions and they
obey the following dissipation-fluctuation integrodiffer-
ential (Dyson) equations:23,28
u˙(τ) + iǫ(τ)u(τ) +
∑
α
∫ τ
t0
dτ ′gα(τ, τ
′)u(τ ′) = 0, (4a)
v˙(τ) + iǫ(τ)v(τ) +
∑
α
∫ τ
t0
dτ ′gα(τ, τ
′)v(τ ′)
=
∑
α
∫ t
t0
dτ ′g˜α(τ, τ
′)u¯(τ ′), (4b)
subject to the boundary conditions u(t0) = 1, and
v(t0) = 0. The integral kernels in the above
equations, gα(τ, τ
′) and g˜α(τ, τ
′), are defined by
gαµν(τ, τ
′) =
∑
k VαkµV
∗
αkνe
−iǫαk(τ−τ
′) and g˜αµν(τ, τ
′) =∑
k VαkµV
∗
αkνfα(ǫαk)e
−iǫαk(τ−τ
′), which depict all the
non-Markovian memory processes of electrons through
the tunnelings between the dot system and the leads,
and fα(ǫαk) = 1/(e
βα(ǫαk−µα) − 1) is the Fermi distri-
bution function of the lead α in the initial equilibrium
state. Introducing the spectral density functions of the α-
lead coupled with the dot system: Γα(ω) ≡ {Γαµν(ω) =
2π
∑
k VαkµV
∗
αkνδ(ω − ǫαk)}, the memory kernels are re-
duced to
gα(τ, τ
′) =
∫
dω
2π
Γα(ω)e
−iω(t−τ), (5a)
g˜α(τ, τ
′) =
∫
dω
2π
fα(ω)Γα(ω)e
−iω(t−τ). (5b)
Through out this work, we have set e = ~ = 1.
The transient current of the α-lead is obtained as23
Iα(t) = −2Re
∫ t
t0
dτTr
{
gα(t− τ)v(τ) − g˜α(t− τ)u¯(τ)
+ gα(t, τ)u(τ)̺(t0)u
†(t)
}
, (6)
with u¯(τ) = u†(t − τ) and ̺(t) being the single particle
reduced density matrix, ̺µν(t) ≡ trs
[
a†νaµρ(t)
]
, satis-
fying ̺(t) = v(t) + u(t)̺(t0)u
†(t). The above current
expression can easily recover the Landuer-Bu¨ttiker for-
mula obtained by scattering approach and the Keldysh’s
non-equilibrium Green function formulation, as detailed
in Ref. 23.
3B. n-resolved quantum master equation
Before constructing the n-resolved master equation,
we should point out that the master equation of Eq. (2)
was derived exactly for noninteracting quantum dot sys-
tems so that all the electron tunneling processes in such
systems, including sequential tunneling and cotunneling
processes together with all the non-Markovian memory
effects, are fully taken into account. For noninteracting
systems, the cotunneling processes refer to the tunnel-
ings involving two and more electrons through the junc-
tions simultaneously. In the conventional master equa-
tion in terms of perturbation expansion, one may expect
that the sequential tunneling and cotunneling processes
should be described separately by one pair and two or
more pairs of electron creation and annihilation opera-
tors, respectively, in the non-unitary part of the mas-
ter equation. However, for noninteracting systems, the
master equation derived from the perturbation expan-
sion up to the second order of the tunneling coefficients,
i.e. Vαkµ in Eq. (1), has indeed the same operator struc-
ture as that of the exact master equation of Eq. (2).28
The only difference between the second-order (2nd-order)
perturbative master equation and the exact master equa-
tion is manifested in the determination of the dissipation
and fluctuation coefficients in the corresponding master
equations. In the exact master equation of Eq. (2), these
dissipation and fluctuation coefficients, i.e., γαµν(t) and
γ˜αµν(t), are determined by the Green functions u(τ) and
v(τ) which satisfy the exact dissipation-fluctuation inte-
grodifferential equations of Eq. (4). The non-Markovian
memory effect and the cotunneling processes described
in the exact master equation are fully characterized by
the non-local integral kernels in Eq. (4), i.e. the Dyson
equations through the iteration to all orders of the tun-
neling coefficients. Truncating Eq. (4) to the 2nd-order
perturbation of the tunneling coefficients, all these time-
dependent dissipation and fluctuation coefficients are re-
duced to the coefficients in the 2nd-order perturbative
master equation that can be derived directly from the
quantum Lioulille equation in the perturbation expan-
sion approach. Since the 2nd-order perturbative master
equation can only describe the sequential tunneling and
Markovian process, it indicates that the cotunneling pro-
cesses and non-Markovian effect in noninteracting sys-
tems are fully determined by the time-dependent dissi-
pation and fluctuation coefficients from the solution of
Eq. (4), rather than the operator structure of the master
equation. The operator structure of the 2nd-order pertur-
bative master equation is exactly the same as that of the
exact master equation for noninteracting systems. The
detailed derivation of this connection between the exact
master equation and the 2nd-order perturbative master
equation has been given in Ref. 28.
Based on such a connection between the exact mas-
ter equation and the 2nd-order perturbative master equa-
tion we just discussed above, we can construct the cor-
responding n-resolved master equation from Eq. (2) for
the conditioned reduced density operator ρ(nα), from the
n-resolved 2nd-order perturbative master equation that
has been derived explicitly from the 2nd-order perturba-
tive master equation.25 ρ(nα) is conditioned on the reg-
istered number nα of electrons having passed through
the tunnel junction between the specified α–lead and the
central dots system. As it has been shown in Ref. 25, the
resulting n-resolved 2nd-order perturbative master equa-
tion only modifies the corresponding non-unitary opera-
tor structure of the 2nd-order perturbative master equa-
tion, namely, it replaces only the registered jump terms
a†µρaν and aµρa
†
ν , associating with the specified α-lead
in the master equation by a†µρ
(nα+1)aν and aµρ
(nα−1)a†ν ,
respectively. Other terms remain the same but for ρ(nα).
Since the exact master equation for noninteracting sys-
tems has the same operator structure of the 2nd-order
perturbative master equation, by analogy, we obtain the
corresponding n-resolved master equation of the exact
master equation of Eq. (2):
ρ˙(nα)(t)= −i[H˜S, ρ
(nα)(t)]−
∑
µν
γ˜µν(t)
[
a†µaνρ
(nα)(t)− ρ(nα)(t)aνa
†
µ
]
−
∑
µν
γµν(t)
{
a†µaν , ρ
(nα)(t)
}
+
∑
µν
[
γ˜α′µν(t)+2γα′µν(t)
]
aνρ
(nα)(t)a†µ − γ˜α′µν(t)a
†
µρ
(nα)(t)aν
]
+
∑
µν
[
γ˜αµν(t) + 2γαµν(t)
]
aνρ
(nα−1)(t)a†µ −
∑
µν
γ˜αµν(t)a
†
µρ
(nα+1)(t)aν . (7)
for keeping track the number of electrons tunneling only
through one specific lead, e.g., the α-lead with α′ 6= α,
and
4ρ˙(nL,nR)(t)= −i[H˜S , ρ
(nL,nR)(t)]−
∑
µν
γ˜µν
[
a†µaνρ
(nL,nR)(t)− ρ(nL,nR)(t)aνa
†
µ
]
−
∑
µν
γµν
{
a†µaν , ρ
(nL,nR)(t)
}
+
∑
µν
[
(γ˜Lµν+2γLµν)aνρ
(nL−1,nR)(t)a†µ − γ˜Lµνa
†
µρ
(nL+1,nR)(t)aν
]
+
∑
µν
(
γ˜Rµν + 2γRµν
)
aνρ
(nL,nR−1)(t)a†µ −
∑
µν
γ˜Rµνa
†
µρ
(nL,nR+1)(t)aν , (8)
for conditionally keeping track the number of electrons
tunneling through both the right and the left leads. Here
we omit the time index in the time-dependent coefficients
and have also defined γ˜µν ≡
∑
α=L,R γ˜αµν . Both the n-
resolved master equations of Eq. (7) and Eq. (8) will be
used to derive the noise spectrum of an individual lead
and the cross-correlation noise spectrum.
The same as the connection between the exact mas-
ter equation and the 2nd-order perturbative master equa-
tion discussed in the beginning of this subsection, the n-
resolved master equation, Eq. (7) and Eq. (8), also has
the same operator structure as that of the n-resolved
2nd-order perturbative master equation.25 The only dif-
ference is the dissipation and fluctuation coefficients in
these master equations. The dissipation and fluctua-
tion coefficients in the n-resolved 2nd-order perturba-
tive master equation involve only sequential tunneling
process and the Markovian dynamics.25 However, the
time-dependent dissipation and fluctuation coefficients in
Eq. (7) and Eq. (8) that are determined by the exact non-
equilibirum Green functions of Eq. (4) for noninteract-
ing systems have taken into account simultaneously the
sequential tunneling and cotunneling processes, so does
for the non-Markovian dynamics. One may ask why the
states such as ρ(nα±2), ρ(nL−1,nR+1) and ρ(nL+1,nR−1),
etc. which are expected to be directly related to the co-
tunneling processes for the electron registered detector
in the perturtive expansion do not occur in Eq. (7) and
Eq. (8). This must be the same reason as in the case of
the master equation itself. In terms of the perturbatve
expansion, the master equation up to the higher order
contains the dissipation and fluctuation terms involving
two and more pairs of electron operators sandwiching the
reduced density matrix that describe the cotunneling pro-
cesses. But the exact master equation does not contain
such terms. This is because the cotunneling processes
has been all switched into the dissipation and fluctua-
tion coefficients determined by the exact Dyson equa-
tions. Although we have not provided a rigorous deriva-
tion of Eq. (7) and Eq. (8), it should be the same reason
that the n-resolved master equation, Eq. (7) and Eq. (8),
can maintain the simple operator form because the time-
dependent dissipation and fluctuation coefficients deter-
mined by the exact nonequilibrium Green functions can
address all the sequential tunneling and cotunneling pro-
cesses as the non-Markovian memory dynamics.
As a justification and also a self-consistent check,
from the n-resolved master equation of Eq. (7) with the
identity ρ(t) =
∑
nα
ρ(nα)(t), we can easily reproduce
the exact master equation of Eq. (2). The exact cur-
rent expression of Eq. (6) can also be reproduced from
the n-resolved master equation of Eq. (7) as follows.
With the knowledge of ρ(nα)(t), the tunneling electrons
distribution can be readily evaluated via P (nα, t) =
TrSρ
(nα)(t). This is the key quantity for full counting
statistics.24,31,32 The mth-moment of transport is just
〈nmα (t)〉 ≡
∑
nα
nmα P (nα, t), from which all transport
properties can be obtained. For instance, the measured
current which is related to the rate of the first moment,
is given by Iα(t) = −
d
dt〈nα(t)〉. Using the n-resolved
master equation of Eq. (7), it is also easy to reproduce
the exact expression of the transient transport current
of Eq. (6). The capability of recovering the exact master
equation of Eq. (2) and the exact transport current for-
mula of Eq. (6) from Eq. (7) ensures that the n-resolved
master equations we constructed here is the current one
for noninteracting systems. Thus the current-current cor-
relation noise spectrum which is related to the 2nd-order
cumulant can be directly evaluated now from Eq. (7) and
Eq. (8), which will be presented in the following.
C. Noise spectrum expression
We consider now the current noise spectrum, S(ω) =
F{〈δI(t)δI(0)〉s}, i.e., the full Fourier transformation
(denoted by F ) of the fluctuating current-current corre-
lation function that is symmetrized. For the total circuit
current I(t) = aIL(t)−bIR(t), which is typically the mea-
sured quantity in most experiments,1 with the coefficients
satisfying a+b = 1 related to the symmetry of the trans-
port setup (e.g., junction capacitances), the circuit noise
spectrum is S(ω) = a2SL(ω)+b
2SR(ω)−2abSLR(ω).1,4,7
The noise spectrum at individual lead α = L or R is
given by the MacDonald’s formula, Sα(ω) ≡ Sαα(ω) =
2ω
∫∞
0
dt sin(ωt) ddt
[
〈n2α(t)〉 − (I¯αt)
2
]
. With the help of
5Eq. (7), the involved quantity 〈n2α(t)〉 satisfies
d
dt
〈n2α(t)〉 = 2 tr
[(
γ˜α + γα
)
Nα + γ˜αN¯ α
]
+ tr
[(
γ˜α + γα
)
̺− γ˜α ¯̺
]
, (9)
where ¯̺ = 1 − ̺ is the single hole particle reduced den-
sity matrix, while Nαµν ≡ trs[a†νaµNˆ
α] and N¯αµν ≡
trs[aµa
†
νNˆ
α] are related to the number operator Nˆα(t) ≡∑
nα
nαρ
(nα)(t). It satisfies
dNˆα
dt
=MNˆα + tr
[(
γ˜α + γα
)
̺
]
+ tr [γ˜α ¯̺] , (10)
with M being the generator of Eq. (2) that is recast as
ρ˙ = Mρ. The initial conditions to Eqs. (9) and (10) are
the stationary states without the electron tunneling, i.e.,
Nˆα(0) = 0 and ρ(0) = ρ
st. We have
Sα(ω) = 4ωImL
{
tr
[(
γ˜α + γα
)
N α + γ˜αN¯α
]}
+ 2ReL
{
tr
[(
γ˜α + γα
)
̺st − γ˜α ¯̺
st
]}
, (11)
where L {f(t)} =
∫∞
0
dt eiωtf(t) denotes the Laplace
transformation.
The cross correlation noise spectrum is given by13,33,34
SLR(ω) =
1
2F
{
〈δIL(t)δIR(0)〉s + 〈δIR(t)δIL(0)〉s
}
=
2ω
∫∞
0
dt sin(ωt) ddt
[
〈NL(t)NR(t)〉 − (I¯ t)2
]
, where
〈NL(t)NR(t)〉 = tr
∑
nLnR
nLnRρ
(nL,nR)(t). Again,
with the help of Eq. (8), we obtain
SLR(ω) = 2ωImL
{
tr
[(
γ˜L + γL
)
NR + γ˜LN¯R
]
+ tr
[(
γ˜R + γR
)
NL + γ˜RN¯L
]}
. (12)
We thus have completed the expressions of the current
noise spectrum, i.e., Eq. (11) and Eq. (12), which are the
main results of the present work. They can be further
written in the compacted formalism as
Sαα′(ω) = 2ωImL
{
tr
[(
γ˜α + γα
)
Nα′ + γ˜αN¯α′
]
+ tr
[(
γ˜α′ + γα′
)
N α + γ˜α′N¯ α
]}
+ 2δαα′ReL
{
tr
[(
γ˜α + γα
)
̺st − γ˜α ¯̺
st
]}
.
(13)
It describes both the sequential tunneling and cotun-
neling processes together with the non-Markovian mem-
ory effect involved in the time-dependent dissipation and
fluctuation coefficients γα(t) and γ˜α(t) that also deter-
mine the master equation of Eq. (2) and the n-resolved
master equation of Eq. (7). We will evaluate explicitly the
noise spectrum using Eq. (13) in the coming section with
two widely adopted quantum transport model systems.
Since the time-dependence dissipation and fluctuation co-
efficients are determined by the functions u(τ) and v(τ)
which are governed by Eq. (4), the key to understand
the cotunneling processes and the non-Markovian effect
in the transient transport current and the noise spec-
trum is to solve exactly the integrodifferential equations
of Eq. (4). The detailed numerical method is presented
in Appendix based on a parameterization scheme.
As it is shown in Ref. 28, u(τ) and v(τ) accounts for all
orders in perturbative expansion. If one solves Eq. (4) up
to the second-order of the system-reservoir couplings, the
resulting master equation recovers the 2nd-order master
equation in the perturbation theory that has been stud-
ied widely in the literature, see for examples Refs. 6,7,13.
The usual Markovian approximation is obtained under
both the wide band limit Γα(ω) = Γα with high tem-
perature, which leads to gα(t − τ) →
Γα
2 δ(t − τ) and
g˜α(t − τ)→
Γα
2 fαδ(t − τ). Then all the time-dependent
coefficients in the master equation become constants,
e.g., γα(t) = Γα and γ˜α(t) = −fαΓα, which recovers the
n-resolved Markovian master equation in Ref. 35 and also
reproduces the solution given in Ref. 31 for resonant-level
model.
Usually one believes that in the wideband limit and the
high bias voltage regime, the non-Markovian effect van-
ishes and the Markovian master equation works. How-
ever, the non-Markovian memory effect is very compli-
cated, it relates to several factors together, such as the
temperature, the bias voltage, the spectral bandwidth,
and the system-reservoir coupling strength as details in
Ref. 23 and in Appendix. In Ref. 23, we showed that in
the WBL, the large bias voltage indeed weakens the non-
Markovian effect, but does not lead to a complete Marko-
vian limit. At this regime, the non-Markovian effect,
which arise completely from the low temperature and/or
strong system-reservoir coupling strength, may not be
clearly manifested in the transport current itself and the
reduced density matrix,23 but it becomes significant in
the noise spectrum of the current-current fluctuation,4,13
as shown in the next section.
III. NUMERICAL DEMONSTRATIONS
A. Single quantum dot system
For simplicity, we consider in this section the situ-
ation of an energy-independent spectral density of the
leads, namely, the flat band of Γα(ω) = Γα and denote
Γ = ΓL + ΓR. We set the symmetric junction capac-
itances as a = b = 0.5 and also the symmetric bias
of µL = −µR = eV/2 in the following studies. Let
us start with a single one-level dot model system, with
HS = εa
†a. The average current of this system can be
evaluated as I¯ = ΓLΓR
∫
dω
2π
fL(ω)−fR(ω)
(ε−ω)2+(Γ/2)2 . Despite of its
simplicity, such a single quantum dot system has many
interesting physical phenomena and has been widely used
as a single electron transistor. Here we operate the sys-
tem in the large voltage regime, µL > ε > µR, which is
also considered as the conventional sequential tunneling
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FIG. 1: Noise spectrum (in unit of e2Γ/~) for current
transport through single quantum dot, where ǫ = Γ, with
ΓL = ΓR = 0.5 Γ, under the bias of V = 10Γ at the speci-
fied temperatures. The peak-dips crossing the tunneling res-
onance frequencies, ωα = |ǫ − µα| with α = L and R, are
indicated by arrows. The inserting figures in (a) and (b) give
a comparison between the exact solution with the 2nd-order
perturbation result at the temperature kBT = 0.1Γ.
regime if the average current is concerned. However, we
will see below that in this case a striking non-Markovian
character, manifested by a peak-dip, will emerge in the
current noise spectrum.
Figure 1 shows the current noise spectrums for
auto-correlations [Fig. 1(a) and (b)], cross-correlation
[Fig. 1(c)], and circuit current correlation [Fig. 1(d)], at
different temperatures. In the low or high frequency re-
gion, the noise spectrum is nearly independent of tem-
perature, despite of the fact that the stationary cur-
rent increases as temperature decreases. In the large
frequency regime, the noise spectrum at the individual
lead Sα(ω) → Γα, while that of cross-lead SLR(ω) →
0. More interestingly we observe that a peak-dip fea-
ture is developed in the noise spectrum of current auto-
and cross-correlations, crossing each resonant frequency
ωα = |ε − µα| (indicated by an arrow in Fig. 1) as the
temperature decreasing.
The above observations can be understood as follows.
As the zero-frequency noise and also the stationary cur-
rent are concerned, the transport system studied here
with µL > ε > µR is dominated by sequential tunneling
processes. In the high frequency (ω ≫ |ε − µα|) region,
we have SLR(ω)→ 0, due to the electron correlation be-
tween different leads is yet to be established. However,
Sα(ω) → Γα coming from the fact that the fluctuations
arises mainly from the reservoir background. Therefore,
we cannot find the system-associated structure in the
noise spectrum at both limits. However, the shot noise
over the full frequency range describes various tunnel-
ings associated with energy emissions and absorbtions at
different detection frequency ω. Therefore it must man-
ifest the energy structure dependence of the dot system
through the applied bias voltage and temperature. As
one can see from Fig. 1, the noise spectrum at relative
high temperature shows a smooth energy-structure de-
pendence near the resonant frequency ωα = |ε−µα|. This
result is consistent with that of Refs. 4 and 13, in which
one used the second-order time-nonlocal master equa-
tion which contains very little memory when kBT > Γ
and describes only the sequential tunneling process where
the Markovian dynamics is dominated. However, non-
Markovian dynamics should play an important role in the
noise spectrum at low temperature (kBT ≪ Γ) where co-
tunneling processes should become significant, especially
around the resonant frequency where the electron can
dramatically tunnel forth and back between the leads
and the dot near the Fermi surface of the leads. The ob-
served peak-dip crossing the resonant frequency in Sα(ω)
[Fig. 1(a) and (b)] and SLR(ω) [Fig. 1(c)] is indeed such
a non-Markovain result as a combination of sequential
tunneling and cotunneling processes at low temperature.
In particular, the positive peak-dip feature in the cross-
correlation fluctuations spectrum must come from the
cross-lead cotunneling contribution.
The above peak-dips crossing the resonant frequencies
in the noise spectrum have not been shown in the pre-
vious studies.4,6–8,12,13,24,36 This is because in Refs. 6–8,
the Markovian treatment has been used, while Refs. 4
and 13 considered only the sequential tunneling process
at relative high temperature with the 2nd-order mas-
ter equation approach which is also Markovian dynam-
ics dominated. Refs. 12 used Bu¨ttiker’s scattering ma-
trix approach which is exact at zero frequency but con-
tains approximation that covers mainly the Markovian
dynamics at finite frequency.14,37 To make a compari-
son, we calculate the noise spectrum with 2nd-order per-
turbation approximation at low temperature. The re-
sult is inserted in Fig. 1(a) and (b). It shows that the
2nd-order perturbation noise spectrum shows a dip only
but not a peak-dip. As it is well-known the 2nd-order
perturbation approximation is invalid at low tempera-
ture. Very recently, using the nonperturbative hierar-
chical equation of motion treatment,38 this peak-dip fea-
ture in the noise spectrum is also observed. Fig. 1 also
clearly shows that with the temperature increasing, the
aforementioned non-Markovian effect, i.e. the peak-dips
in the noise spectrum, is diminished. We thus conclude
that the observed peak-dip feature in the noise spectrum
is a non-Markovian memory effect through various tun-
neling processes, including both the sequential tunneling
and cotunneling events.
B. Double quantum dots
Consider now the transient transport through a sys-
tem of two coupled quantum dots, described by HS =∑
µ=l,r εµd
†
µdµ + Ω
(
d†l dr + d
†
rdl
)
. This system has been
studied widely as a charge qubit7,10,28,36 and has also
been proposed as an alternative detector of a charge
qubit.39 The intrinsic coherent Rabi frequency ∆ is the
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FIG. 2: Shot noise (in unit of e2Γ/~) of a double-dots system,
where εl = εr = 0 and Ω = 5Γ, with ΓL = ΓR = 0.5 Γ at
the specified temperatures. Left panels: The noise spectrum
as a function of frequency, under the bias voltage eV = 20Γ.
The tunneling resonances of the peak-dip chacteristics occurs
at ω± = |ε± − µα| = 5Γ and 15 Γ and the Rabi resonance
at ∆ = 10 Γ, indicated by the arrows individually. Right
panels: The shot noise at the Rabi frequency as function of
bias voltage. The double-resonance ω = ∆ = |ε±−µα| occurs
at both eV = 10Γ and eV = 30Γ. The former satisfies also
the resonant transport conditions µL = ε+ and µR = ε−, but
the latter is of µL > ε± > µR.
energy difference between eigenstates (ε±), e.g., ∆ =
ε+ − ε− = 2Ω for the degenerate double-dots system
considered for demonstrations. It is known7,36 that the
Rabi coherence of the central system shows a dip at
ω = ∆ in the auto-correlation noise spectrum Sα(ω),
as can be seen in Fig. 2(a). But, it appears a peak in
the cross-correlation noise spectrum SLR(ω), as shown
in Fig. 2(b), while remains a dip in the total circuit noise
spectrum, for symmetric junction capacitances, as de-
picted in Fig. 2(c). The above Rabi coherence signa-
tures are nearly independent of the temperature. Phys-
ically, the Rabi coherence is intrinsic. Therefore, it
can be extracted even in the weak system-reservoir cou-
pling regime, where the 2nd-order master equation is
applicable.7,36 Besides the coherent signals of Rabi fre-
quency in Fig. 2(a)-(c) where µL > ε± > µR, the ex-
pected peak-dips of non-Markovian characteristics occur
at tunneling resonance of ω± = |ε±−µα| at low temper-
ature. As temperature increases, this peak-dip feature is
diminished, just the same as that in the single quantum
dot case described earlier.
Figure 2(d)-(f) depict the noise spectrum at Rabi res-
onance ω = ∆ versus the applied bias voltage V that
monitors the tunneling resonance of ω = |ε± − µα|.
The double-resonance of ω = ∆ = |ε± − µα| occurs
at V = 10Γ and V = 30Γ for the present system in
study. Apparently, the bias voltage dependence of the
noise S(∆) at Rabi frequency is changed dramatically
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FIG. 3: Frequency-dependent noise spectrum of the left lead
for the double-dots transport system with different tunneling
regimes through gate voltage VG, i.e., εl = εr = VG, at low
temperature kBT = 0.1 Γ with the applied bias voltage eV =
5Γ. The other parameters are the same as in Fig. 2.
at low temperature, especially at tunneling resonance,
as an expected non-Markovian effect. In particular, at
V = 30Γ, both the two dot levels lie within the applied
bias window, i.e., µL > ε± > µR. The resulting peak-
dip tunneling resonance shows up clearly in Fig. 2(d)-(f).
The behavior of S(ω = ∆) around V = 10Γ is an inter-
play between the Rabi resonance and the lead-dot tun-
neling resonance.
The frequency-dependent noise spectra demonstrated
in Fig. 1 and Fig. 2(a)-(c) are operated in the so-called
large bias region of µL > ε, ε± > µR, where the tunneling
resonance shows the peak-dip feature at low temperature,
as a combination effect of the sequential tunneling and
cotunneling events. Since the Rabi resonance spectral
profile does not depend on the applied gate voltage for
its overall intensity, we shall also examine the tunneling
resonance behavior for different set up of the applied gate
voltage to the dot energy levels. Without loss the gener-
ality, we take a fixed bias voltage, say V = 5Γ, and apply
several different gate voltages to the dot levels to achieve
different tunneling scenarios. The results are summa-
rized in Fig. 3. Fig. 3(a) and (c) describe the case of both
the two dot levels lying outside the bias voltage window.
The corresponding tunneling resonance shows only with
a step shape. In contrast, if one of the dot levels, i.e.,
the level ε− and ε+ in Fig. 3(b) and (d), respectively, lies
inside the the bias voltage window, the corresponding
tunneling resonance spectrum generates a peak-dip. As
it has been understand, for the dot level lying outside the
bias voltage window (i.e. either ε > µL,R or ε < µL,R),
the sequential tunneling through this level is largely sup-
pressed and the transport is dominated by cotunneling
events. So the cotunneling transport alone only shows a
step near the resonance frequency. The peak-dip occurs
only for µL > ε > µR at low temperature, where both
the sequential tunneling and cotunneling participate in
8the non-Markovian dynamics.
IV. SUMMARY
In summary, based on the exact master equation
for nonequilibrium transport, we constructed the corre-
sponding particle-number resolved master equation, from
which we have also established the formalism for the
noise spectrum in the full frequency range. This new
formulism is applicable to arbitrary bias voltage, tem-
perature and system-reservoir coupling strength for all
the non-Markovian processes in various nanoelectronic
systems where the electron-electron interaction has been
ignored. We applied this formalism to two widely studied
transport model systems, i.e, electron transport through
single quantum dot with a resonant level and double cou-
pled quantum dots containing one energy level in each
dot contacted the electron reservoirs, respectively. We
showed different tunneling characteristics in the noise
spectrum in both the large and small bias voltage regime
at different temperature. In particular, we found peak-
dips in the noise spectrum crossing the tunneling reso-
nant frequencies which are defined individually by the
energy difference between the applied chemical poten-
tials and the dots energy levels. This peak-dip feature
has not been observed in previous theoretical works. The
characteristic peak-dip in the current noise spectra is a
non-Markovian effect at low temperature involving both
sequential tunneling and cotunneling. As the tempera-
ture increasing ((kBT > Γ), peak-dip profile in the noise
spectrum is diminished. In contrast with the aforemen-
tioned external bias voltage regulated resonant character-
istics, the internal coherent Rabi oscillation signal in the
double dot system is rather independent of temperature.
The coherent Rabi oscillation results in just a normal dip
profile in the auto-correlation noise spectrum but a peak
in the cross-correlation spectrum. We expect that these
characteristics in the current noise spectra we found here
would be tested in experiments or in other theoretical
calculations.
We should also point out that the characteristic struc-
ture showing peak-dips in the noise spectrum may be
changed after the electron-electron interaction is taken
into account. More interesting phenomena in the noise
spectrum should be expected in the interacting systems
at low temperature. A closed formulation for the exact
master equation of the reduced density matrix and the
exact calculation of noise spectrum with the considera-
tion of Coulomb interaction is not obvious. However, the
present formalism is easy to be extended for including
the Coulomb interaction with respect to the saddle point
approximation40 or loop expansion,41 where the Coulomb
interaction can be treated self-consistently in general-
izing integrodifferential equations of motion Eq. (4), or
by means of Hierarchical equation of motion approach.22
The work along this line is in progress.
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Appendix: Numerical method
As mentioned in Sec. II C, the key to the practical cal-
culation of the noise spectrum as well as the reduced den-
sity matrix Eq. (2) and current in Eq. (6) in the present
formulism relies on how to solve the integrodifferential
equations of Eq. (4), which contain all the non-Markovian
memory effects of the central system interacting with its
environment. In general, it is not possible to analytically
solve Eq. (4) but the numerical solution of such inte-
grodifferential equation is also very difficult due to the
non-Markovian memory kernels. Here, in terms of a pa-
rameterized scheme,22,42 we develop a numerical method
in terms of a closed set of coupled differential equations
of motion for solving u(t) and v(t) to overcome the dif-
ficulties in the direct numerical calculation of the inte-
grodifferential equations.
For the sake of generality, we start with the energy
dependence spectral density as a Lorentzian-type form
centered at ǫα:
22,28,43
Γα(ω) =
ΓαW
2
α
(ω − ǫα)2 +W 2α
, (14)
where Γα describes the coupling strength and Wα is the
line width of the source (drain) reservoir with α = L(R).
Obviously the wide band limit (flat band), Γα(ω) = Γα,
is achieved by simply letting Wα → ∞. In terms of
Eq. (5), the non-local time correlation functions can be
parameterized as22,23
gα(t, τ) =
ΓαWα
2
e−γα0(t−τ), (15a)
g˜α(t, τ) =
M∑
m=0
ηαme
−γαm(t−τ) ≡
M∑
m=0
g˜αm(t− τ),
(15b)
with g˜αm(t − τ) ≡ ηαme−γαm(t−τ). The first term in
g˜α(t− τ) with m = 0 arises from the pole of the spectral
density function, with
ηα0 =
ΓαWα/2
1 + e−iβα(γα0−iµα)
, γα0 =Wα + iǫα. (16)
The other terms with m > 0 (M →∞ in principle) arise
from the Matsubara poles, where the relevant parameters
9are explicitly given as
ηαm =
i
βα
Γα(−iγαm), m = 1, · · ·∞; (17a)
γαm =
(2m− 1)π
βα
+ iµα. (17b)
The above paramterization is based on the Matsubara
frequencies decomposition of Fermi distribution. An al-
ternative efficient parameter scheme proposed in Ref. 44
is Pade´ spectrum decomposition for its convergence sig-
nificantly faster than other schemes at all tempera-
tures. The resulting formalisms of Eq. (15) are un-
changed, but the coefficients for m > 0 in g˜(t, τ) are
modified accordingly.44 Here, following the procedure in
Refs. 22,45 with the above parameterized scheme, we will
present a numerical method in terms of a closed set of
coupled differential equations of motion, instead of the
integrodifferential equation of Eq. (4a), to solve the time-
dependent transport current and the noise spectrum.
Introducing a new function guα(t) ≡
∫ t
t0
dτ gα(t, τ)u(τ)
which satisfies the following equation
g˙uα(t) = gα(0)u(t)− γα0g
u
α(t), (18)
with gα(0) =WαΓα/2, then Eq. (4a) is reduced to
u˙(t) = −iǫ(t)u(t)−
∑
α
guα(t). (19)
In other words, the integrodifferential equation of
Eq. (4a) is transformed into a coupled pure differential
equations of Eq. (18) and Eq. (19), from which it is rather
easy to obtain the time-dependent solution of u(t) and
guα(t). On the other hand, the formal solution of Eq. (4b)
is
v(τ, t) =
∑
α
∫ τ
t0
dτ1
∫ t
t0
dτ2 u(τ, τ1)g˜α(τ1, τ2)u
†(t, τ2),
(20)
from which we have
v(t) ≡ v(t, t) =
∑
α
∫ t
t0
dτ1
∫ t
t0
dτ2 u(t, τ1)g˜α(τ1, τ2)u
†(t, τ2).
(21)
Its time derivation is
v˙(t) = −i[ǫ(t),v(t)]−
∑
α
[
Iα(t) + H.c.
]
(22)
with Iα(t) = Kα(t) +Qα(t), where
Kα(t) ≡
∫ t
t0
dτ gα(t, τ)v(τ, t), (23a)
Qα(t) ≡ −
∫ t
t0
dτ g˜α(t, τ)u
†(τ, t) =
M∑
m=0
Qαm(t). (23b)
The second identity in Eq. (23b) is based on the param-
eterization scheme of g˜α(t, τ) given by Eq. (15b), which
leads to
Qαm(t) = −
∫ t
t0
dτ g˜αm(t, τ)u
†(τ, t), (24)
Furthermore, by introducing new functions
Cαα′m(t) ≡
∫ t
t0
dτ
∫ τ
t0
dτ1gα(t, τ)u(τ, τ1)g˜α′m(τ1, t),
(25a)
Dαα′(t) ≡
∫ t
t0
dτ
∫ t
t0
dτ1gα(t, τ)v(τ, τ1)gα′(τ1, t), (25b)
we can find the following coupled differential equations:
K˙α(t) = Kα(t)[iǫ(t)− γα0] + gα(0)v(t)
+
∑
α′m
[
Cαα′m(t)−Dαα′(t)
]
, (26a)
Q˙αm(t) = Qαm(t)[iǫ(t)− γαm]− ηαm +
∑
α′
C†α′αm(t),
(26b)
C˙αα′m(t) = −gα(0)Q
†
α′m(t)− [γα0(t) + γ
∗
α′m(t)]Cαα′m(t),
(26c)
D˙αα′(t) = gα(0)K
†
α′(t) +Kα(t)gα′ (0)
− [γα0(t) + γ
∗
α′0(t)]Dαα′ (t). (26d)
Solving numerically the coupled pure differential equa-
tion of Eq. (26) together with Eq. (22), we thus have the
solution of v(t) and Iα(t) without directly calculating
the multi-integrals in Eq. (20). Consequently, all the
time-dependent coefficients in the transient current of
Eq. (6), the master equation of Eq. (2) and the n-resolved
master equation of Eq. (7), as well as the frequency-
dependent noise spectrum of Eq. (13) can be easily ob-
tained through the relations κα(t) = g
u
α(t)[u(t)]
−1 and
λα(t) = Iα(t) − κα(t)v(t). This numerical method
largely simplifies the numerical difficulties in solving the
integrodifferential equations of Eq. (4) which involve very
complicated non-Markovian memory kernels.
In the wideband limit Wα → ∞, the numerical
calculation can be largely simplified. Explicitly, the
temperature-independent memory kernel of Eq. (15a) is
reduced to a delta function given by g(t, τ) = Γα2 δ(t −
τ). For the temperature-dependent memory kernel in
Eq. (15b), the first term (m = 0) is also reduced to a
delta function but the other terms (m ≥ 1) are appar-
ently changed not too much:
g˜α(t− τ)→
Γα
2(1 + e−iβαWα)
δ(t− τ)
+
i
βα
Γα
M∑
m=1
e−γαm(t−τ). (27)
Thus the non-Markovian effect in the wideband limit is
determined by the temperature together with the bias
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voltage and the system-reservoir coupling. If we take
further a high temperature limit βα → 0, the summa-
tion term in Eq. (27) will also be reduced to a delta
function of t − τ . Then no any memory effect remains,
and a true Markov limit is reached at high tempera-
ture limit. In the practical numerical calculation, we
keep the temperature-dependent memory kernel with the
expression of Eq. (15b) and the WBL is taken by set-
ting Wα ≥ 100Γ.23,46 The equations of the m-related
quantities, such as v(t), Qαm(t), and Cαα′m(t) given by
Eq. (22), Eq. (26b) and Eq. (26c), respectively, are thus
not changed. The other equations can be simplified as
follows. The equation of Eq. (19) is recast to
u˙(t) = −iǫ(t)u(t)−
Γ
2
u(t), (28)
and Eq. (18) is not needed. Also, we can simply solve
Eq. (23a) and Eq. (25b) with the results Kα = Γαv(t)/2
and Dαα′(t) = Γαv(t)Γα′/4 but Eq. (26a) and Eq. (26d)
are also no longer used.
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